JOURNAL OF THE

CHUNGCHEONG MATHEMATICAL SOCIETY
Volume 34, No. 3, August 2021
http://dx.doi.org/10.14403/jcms.2021.34.3.259

TOPOLOGICAL ENTROPY OF EXPANSIVE FLOW ON
TVS-CONE METRIC SPACES

KyunG Bok LEE

ABSTRACT. We shall study the following. Let ¢ be an expansive
flow on a compact TVS-cone metric space (X, d).

First, we give some equivalent ways of defining expansiveness.
Second, we show that expansiveness is conjugate invariance. Fi-
nally, we prove that limsup 1 logv(t) < h(¢), where v(t) denotes
the number of closed orbits of ¢ with a period 7 € [0,¢] and h(¢)
denotes the topological entropy.

Remark that in 1972, R. Bowen and P. Walters had proved this
three statements for an expansive flow on a compact metric space

[1].

1. Introduction and Preliminaries

TVS-cone metric space is a generization of metric space. In this
paper, we shall define expansive flow on TVS-cone metric space and find
equivalent characterization of expansive flow. Also, we study conjugate
invariance and topological entropy of expansive flow. To do this, we first
introduce some definitions and results. [1],[2].

Let E be a topological vector space. A subset P of E is called a
topological vector space cone (abbr. TVS-cone) if the following are
satisfied

(1) P is closed and int(P) # ()

(2) If u,v € P and a,b > 0, then au + bv € P

(3) If u, —u € P, then u = 0.

Let P be a TVS-cone of a topological vector space E. Some partial
orderings <, <, < on FE with respect to P are defined as followings
respectively
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LEMMA 1.1. [2] Let P be a TVS-cone of a topological vector space
E. Then the following hold.

(1) If u> 0, then ru > 0 for all r > 0

(2) If uy > vy, ug > vg, then uy + ug > vy + vy

(3) If u > 0, v > 0, then there exists w > 0 such that w < u, w K v

Let E be a topological space with cone P. Amapd: X x X - F
is called a TVS-cone metric on X and (X, d) called a TVS-cone metric
space if the following are satisfied.

(a) 0 < d(zx,y) for all z,y € X and d(z,y) =0 iff z = y.

(b) d(z,y) = d(y,z) for all x,y € X.

(c) d(z,y) < d(z,z)+d(z,y) for all z,y,z € X.

If d is a metric on the set X, then the collection of all e-balls By(x, €) =
{y € X|d(x,y) < €}, for all x € X and € > 0, is a basis for a topology
Son X. [2]

In this paper, we always suppose that a cone P is a TVS-cone of
a topological vector space E and a TVS-cone metric space (X,d) is a
topological space with the above topology <.

Let (X, d) be a TVS-cone metric space over topological vector space
E.

A flow on X is a continuous map ¢ : X x R — X satisfying

(1) ¢(x,0) = for all x € X.

(2) ¢p(¢p(z,5),t) = p(x,s +t) for all z € X and s,t € R.

For t € R, let ¢; be a homeomorphism of X defined by ¢¢(z) = ¢(x,t)
for all x € X.

Denoted by Cy(R) the set of all continuous functions /4 : R — R such
that h(0) = 0.

A flow ¢ on X is said to be expansive if for every € > 0 there exists
u > 0 such that if z,y € X satisfy d(¢:(2), dp)(y)) < u for all t € R
and some h € Cp(R) then y = ¢, (x) where |r| < e.

2. Some equivalent definitions of expansive flows

Our first result shows that the study of expansive flows reduced to
those without fixed points.

ProrosITION 2.1. If a low ¢ on X is expansive, then each fixed
point of ¢ is an isolated point on X.
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Proof. Suppose ¢ (x) = x for all t € R. Let € > 0 be given and let
u > 0 be the expansive vector. If d(z,y) < w, then choosing h(t) = 0
for all ¢t € R, and hence y = ¢,(x) = =z, where |r| < e. Therefore
B(z,u) = {z} and x is an isolated point of X. O

By Proposition 2.1, if ¢ is an expansive flow on X, then X = FU X'
where F' is the set of fixed points of ¢ and ¢|x/xr has no fixed points.
From now on we shall always assume has no fixed points.

LEMMA 2.2. Let X be a compact TVS-cone metric space. If a low
¢ on X has no fixed points, then there exists Ty > 0 such that every T
with 0 < T < Ty, there is a vector v > 0 with d(¢r(x),z) > u for all
x € X, wherev>w&w—v ¢ P.

Proof. If ¢ has no periodic points, let Ty = 1. If ¢ has some periodic
points, let A be the set of periods of periodic points. Then we claim
that inf A > 0.

Assume that inf A = 0. Then there exists a sequence (7,) in A
such that 7, — 0. Let x,, be the periodic point with period 7,. By the
compactness of X, the sequence (z,,) in X has a convergent subsequence.
Put z,, — x. For any t € R, we can write t = ¢, 7, + r, for some ¢, € Z
and 0 < 7, < 7,. Therefore we get that 7, — 0 and so ¢(x,) =
¢ann+7”n (l‘n) = ¢, (¢qm‘n (xn)) = or, (ajn) — ¢0($) = z. Since th(xn) —
¢¢(x), we have ¢y(z) = z, contradicting the fact that ¢ has no fixed
points. Take Ty = inf A. Let u > 0. Assume that it is false. Then there
exists 0 < t < T such that for each positive integer n, we can choose
zn € X satisfying d(¢(zn), z,) < Lu. By the compactness of X, the
sequence (z,) in X has a convergent subsequence. Let x, — x. Then
d(¢¢(z),z) = 0 and conclude that ¢;(x) = x, contradicting the choice of
To. O

LEMMA 2.3. Let Ty be the number determined by Lemma 2.2. For
every T € (0, %), there exists vector up > 0 such that if x,y € X
satisfy d(¢i(w), dn)(y)) < u for all t € R and some h € Co(R), then
h(T) > 0.

Proof. Arguing by contradiction, assume that there is T' € (0, %)
such that for each vector u > 0 there exist z,,y, € X and h,, € Cy(R)
such that d(¢(ww), P, 1) (Yu)) K ufor allt € R but hy(T) < 0. Fixu >
0. For each positive integer n, there exist x,,y, € X and h, € Cy(R)
such that d(¢¢(n), dn, 1) (Yn)) < Ly for all t € R, but hy,(T) < 0.

We may assume that x, — =z and y, — y. Since d(zp,yn) =

d(¢o(Tn); P, (0)(Yn)) < Ly for all n, letting n — oo, we get = = y.
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Case 1. If h,(T) > —T, since [—T,0] is compact, we can suppose
ho(T) — —L for some 0 < L < T. Since d(¢r(xn), n, (1) (Yn)) <K
Lu, letting n — oo, we get ¢r(z) = ¢_r(z). Thus ¢T+L( ) = =,
contradicting the fact that Ty is the smallest period of ¢.

Case 2. If h,(T) < —T, then there exists ¢, € (0,7 such that
hn(tn) = T by intermediate value theorem. Since [0,77] is compact, we
can suppose t, — 1 € [07 T} Since d(¢tn (xn) ¢hn (tn) (yn)) = d(¢tn (xn)a ¢f
Lu, letting n — oo, we get ¢y(z) = ¢_r(z). Thus ¢r4(z) = z, contra-
dicting the fact that Ty is the smallest period of ¢. O

LEMMA 2.4. Let Ty be the number determined by Lemma 2.2, For
every T € (0, % %), there exist a vector ur > 0 and a number 70 > 0
such that if d(¢¢(x), dp(y)) < ur for all t € R and some h € Co(R)
then h(t +T) — h(t) > 7p for all t € R.

Proof. Take a vector u > 0 determined by Lemma2.2. Let ur = %u
Since ¢ : X x [0,1] — X is uniformly continuous, there exist vector
v > 0 and number 0 < 7 < 1 such that if d(p,q) < v and s,t € [0,1]
with |s —t| < 7, then d(¢s(p), d1(q)) < u. Let s,t € R with |s —¢| <7
and z € X.

Casel. If s> ¢,since0 <s—t <7< 1andd(d>t(x) (7)) =0 <K v,
we obtain d(s—(é1(x)), 60(1(x))) = d(6s(x), &1(x)) < u

Case 2. If s < t, smce0<t—s<r<1andd(¢>5(a:) ()):O<<v,
we obtain d(¢o(@s(z)), ¢r—s(ds())) = d(ds(x), ¢1(x)) < u.

Thus there is a number 7 > 0 such that if s,¢ € R with |s —¢| < 7
then d(¢s(x), ¢t(x)) < u for all z € X. Let h € Cyp(R), z,y € X and

d(¢(7), pny (y)) K ur for all t € R.

We claim that d(én)(y): Prierr)(y) = ur. d(dn)(Y);s Phierr)(y)) >
up where v > w < w—v ¢ IntP. To see this, if not, since d(¢¢(z ) th(t)( ) <
ur and d(¢i7(2), dpatr)(y)) <K ur, we get d(¢¢(x), pryr(r)) < 3ur =
u contradiction the choice of u. This proves the claim. Then, by the
continuity of ¢, there exists 7 > 0 such that |h(t +T') — h(t)| > 7r for
all t € R.

Now we shall prove h(t + T') — h(t) > 7 for all ¢ € R. Putting
J={t e Rlh(t +t) — h(t) > 7r}. By Lemma 2.3, h(T") = |h(T)| > mr
and so 0 € J. If t € J, then (t — s,t +s) C J for some s > 0 by
h(t+T) > h(t)+ 7. If t € J¢, then (t —s,t+s) C J¢ for some s > 0
by h(t) > h(t+T) + 7. Thus J is open and also closed set. So J = R.
Therefore we obtain that h(t + 1) — h(t) > 7 for all t € R. O

Let (X, d) be a TVS-cone metric space over topological vector space
E and define p : (X x X)? — E by p((x1,v1), (v2,%2)) = d(x1,72) +

T(yn)) <
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d(y1,y2). Then p is a metric on X x X. Since By(z, 3u) x By(y, 3u) C
B,((x,y),u) and B,((x,y),u) C Bg(x,u) x By(y, ), the product topol-
ogy on X x X is the metric topology induced by p.

The following theorem contains several characterizations of a expan-
sive flow.

THEOREM 2.5. Let (X,d) be a compact TVS-cone metric space and
¢ be a flow on (X,d) without fixed points. Then the following are
equivalent.

(1) ¢ is expansive flow.

(2) For every € > 0 there exists u > 0 such that if z,y € X satisfy
d(¢e (), dn()(y)) K u for allt € R and some increasing homeomorphism
h:R — R with h(0) = 0, then y = ¢¢(x) for |t| < e.

(3) For any u > 0 there is v > 0 such that if x,y € X satisfy
d(¢t(), dn()(y)) < v for all t € R and some h € Co(R), then y is on
the same orbit as x and the orbit from z to y lies inside B(z,u).

(4) For any € > 0 there exist w > 0 and 7 > 0 such that if t =
{ti},s = {s;} are bisequences in R with ty = so =0, 0 < t;41 —t; < T,
[siv1 —si| < 7,t; > 00 andt_; - —o0 as i — oo and if z,y € X satisfy
d(¢r, (), ¢s,(y)) < u for all i € Z, then y = ¢4(x) for |t| < e.

Proof. We first shall show that (1), (2), and (4) are equivalent.

To show that (2) = (1), let T be the number determined by Lemma
2.2 and € > 0 be given. Let u > 0 be the corresponding vector given
by (2). We can choose T' € (0,22) satisfying that if 0 < ¢ < T, then
d(z, () < iu for all z € X. Indeed, there exist vector v > 0
and number T € (0,2) such that if s,t € [0,Tp], [s — ¢| < T and
d(p,q) < u, then d(¢s(p), ¢:(q)) < zu by the uniform continuity of
¢ : X x [0,Tp] — X. Since d(z,z) = 0 < v, we have d(z, ¢ (z)) < Fu.
By Lemma 2.4, there are vectors up > 0 and number 7 > 0 such that
for any h € Co(R) if 2,y € X satisfy d(¢i(z), pne)(y)) < ur for all
t € R, then h(t +T) — h(t) > 7r for all t € R. We choose vector v > 0
such that v < 2u and v < up. Suppose d(¢;(z), bn()(¥)) < v < ur for
all t € R and some h € Cy(R). Then h(t +T) — h(t) > 7p for all t € R.
Define hy : R — R by hr(nT) = h(nT), n € Z and by linearity on each
interval [nT, (n + 1)T]. Then hp is an increasing homeomorphism with

hr(0) = 0. If t € [nT, (n+ 1)T], there exists s € [nt, (n+ 1)T] such that
hr(t) = h(s). Then d(ds(x), dpy)(y)) = d(ds(), dn(s) () < v < gu.

Since d(¢u(x), da(1) < Su, we get d(éu(x),on. (1) < u. By (2)
y = ¢¢(x) for some |t| < e and hence ¢ is expansive.
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To show that (1) = (4), given € > 0 and let u > 0 be the corre-
sponding expansive vector given by (1 ) Take number 7 > 0 such that
if |t — s| < 7 then d(¢(z), ds(z)) < tu for all z € X. Let {t;}3°__,
{si}3° _ and z,y € X satisfy the hypotheses of (4). Define h: R — R
by h(t;) = s; and by extending linearly on each inteval [t;, t;+1]. Since
h(0) = h(tg) = so = 0, we have h € Cy(R). For any ¢ € R, there exists i
such that ¢; <t < t;11. Since d(¢¢(z), ¢y, (z)) < Fu, d(d(z), ds,(y)) <
Lu and d( (), ony(3)) < Lu, we get d(pu(x), dng () < u for al
t € R. By expansiveness of ¢, y = ¢(x) for some [t| < e.

To prove that (4) = (2), let € > 0 be given and let u > 0 and 7 > 0
be chosen as in (4). Suppose d(¢:(7), dpr)(y)) < u for all £ € R and
some increasing homeomorphism h : R — R with A(0) = 0. Put t¢ =0
and for ¢ € N define

hR=Y(h(t) + 1), ifR Y hE)+7)<ti+T
tiv1 = 1 and
ti + T, if h=(h(t;))+7)>ti+7
L R=Y(h(t_) —7), fh Y(h(t_) —7) >t —
B P if Bl (R(t_y) — 7) < t_i —

Put s; = h(t;). Then 0 < ;41 —t; <7 and 0 < s;41 — 8; < 7 for all
i € Z. Moreover, t; — oo and t_; — —o0 as i — 0o0. Apply to (4), we
obtain y = ¢;(x) for some |t| < e.

To show that (1) = (3), for u > 0, there exists an ¢ > 0 such
that ¢:(z) € B(z,u) for all [t| < e. By (1), there is v > 0 such that if
d(¢e (), dp(s)(y)) < v for all t € R and some h € Co(R), then y = ¢ (x)
for some |t| < e. Therefore y is on the same orbit as x and the orbit
from z to y lies inside B(z,u).

Finally, to show that (3) = (1), let € > 0 be given. Since |, x{(x, ¢¢
€ < t < €} is a neighborhood of Ax and Ax is compact, there is u > 0
such that B,(Ax,u) C Uyex{(z,¢t(x))| —€ <t < €}. By (3), we
can choose v > 0 such that if d(¢¢(z), dp)(y)) < v for all t € R and
some h € Cy(R), then y is on the same orbit as x and the orbit from
x to y lies inside By(x,u). Since p((x,z), (z,y)) = d(z,y) < u, we get
(z,y) € By(Ax,u) C Uyexi(z,¢e(z))| —€ <t < e}. Therefore, we
conclude that y = ¢(x) for some [t| < e. O

3. Conjugate invariance

Let (X, d) and (Y, p) be compact TVS-cone metric spaces over topo-
logical vector space E. We recall that the flows ¢ on X and ¥ on Y are

(@)=
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said to be conjugate if there is a homeomorphism from X to Y map-
ping the orbits of ¢ onto the orbits of . In other words, there are a
homeomorphism f : X — Y and a continuous function h: X xR - R

satisfying f(¢¢(2)) = Yz (f(z)) for all (z,1) € X x R.
THEOREM 3.1. Expansiveness is conjugate invariance.

Proof. Suppose that f : X — Y is a homeomorphism which maps
the orbits of ¢ onto the orbits of 1». Then f~' o4 o f is a flow on X
with the same orbits as ¢;. Fix x € X.

Case 1. If the orbit of z is not periodic under ¢, then the map
or : R — R given by (f7' oty o f)(z) = @g,1)(2) is a well-defined
bijection. Also 0,(0) = 0 and o, is either strictly increasing or strictly
decreasing. Hence o, is a homeomorphism of R.

Case 2. Let = be a periodic point of ¢ and let 7 > 0 be the period of
x under ¢ and k > 0 be the period of f(z) under ¢. Then o, is well-
defined on [0, 5] given by (f' o by o f)(2) = ¢y, () (x) and takes values
either in [0, 7] or [—7,0]. Moreover o, is easily shown to be continuous
on [0, k]. Similarly o, can be defined on [nk, (n+1)k] and so o, becomes
a homeomorphism of R.

Suppose ¢ is expansive and let us > 0 be given. Since f is uniformly
continuous, we can choose u; > 0 so that f(Bg(z,u1)) C By(f(x),u2)
for all z € X. Let v; > 0 be the vector given by (3) in Theorem 2.5
to correspond to u; and choose vy > 0 so that p(y1,y2) < vy implies
AN ). F () <€ 1. T p(t(f(@0)), vy (F(22))) < va for all ¢ €
R and some h € Co(R), then d((f " otpro f)(z1), (f otbpgyo f)(x2)) =
d(¢o,, ) (a:l),gzﬁ%m(m)) < v for all t € R. Putting 04, (t) = s. Then
t = 0, (s) and it follows that d(¢8($1)7¢azzohoa;11(s) (22)) < vy for all

s € R. Since 04, o hooy! € Co(R), x2 is in the same ¢-orbit as 1 and
the ¢-orbit from z1 to xo belongs to Bg(z1,u1). Therefore f(x3) is in
the same v-orbit as f(z1) and the t-orbit from f(x1) to f(z2) belongs
to B(f(z1),u2). By Lemma 2.5.(3), 1 is expansive. O

4. Topological entropy of expansive flows

We shall define topological entropy of homeomorphism of TVS-cone
metric spaces. Let (X, d) be a TVS-cone metric space and f be a home-
omorphism of X. Let n € N and u > 0 be a vector. For E, F C X,
we say that E (n,u)-spans F with respect to f if for each x € F there
is y € F such that d(f*(z), f*(y)) < v for all 0 < k < n. We let
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Yn(F,u, f) denote the minimum cardinality of a set which (n,u)-spans
F with respect to f. If F' is compact, then the continuity of f guarantess
Y (F, f) < co. For a compact subset FF C X we define

37 (F,u) = limsup L log v, (F, u, f) and h(f, F) = sup 7 (F, u).

For v > 0 and x € X define I'y(z, ) = {y € X|d(f"(x), f"(y)) < u
for all n € Z}. f is called h-expansive if there exists u > 0 such that
h(f,Tu(z, f)) =0 for all x € X. A flow ¢ on X is called h-expansive if
a homeomorphism ¢, : X — X is h-expansive for all ¢ > 0.

We shall prove the following

THEOREM 4.1. Let (X, d) be a compact TVS-cone metric space. Ev-
ery expansive flow ¢ on X is h-expansive.

Proof. Lett > 0. For u > 0, we define T'y,(z, ¢) = {y € X|d(¢s(z), ¢s(y)) <
u for all s € R}. For any 7 > 0, since ¢ is expansive, there is u > 0
such that T'y(x,¢) C ¢, (z). By the integral continuity theorem,
there exists v > 0 such that if d(z,y) < v then d(¢s(z),ds(y)) <
ufor all 0 < s < t. Let y € T'y(x,¢r). Then d(¢pn(z), dnt(y)) =
d(pf(x),pp(y)) < v for all n € Z. For any s € R, there is n € Z such
that nt < s < (n+1)t. Since d(¢ni(z), pnt(y)) K vand 0 < s—nt < t, we
get d(Bsi(fnu(2)> Gsni(Gut(1))) = d(Do(2), Doy)) < u. Therefore,
Ly(w, o) C Tulw,9) C ¢j—r7(x). Since ¢ : X x [0,1] — X uniformly
continuous, there exist w > 0 and ¢ € (0,1) such that if d(p,q) < w
and a,b € [0,1] with |a — b| < ¢, then d(¢a(p), Pp(q)) < v. We claim
that if a,b € R and |a — b| < ¢, then d(¢q(x), pp(z)) < v for all z € X

(1) When a < b, since d(¢q(x), pa(z)) =0 < wand 0 < b—a < ¢,
we have d(¢a(z), Py—a(¢a(2))) = d(¢a(z), P(z)) < v.

(2) When a > b, since d(¢p(x),dp(z)) =0 << wand 0 < a—b < ¢, we
have d(¢a—p(¢6()), ¢p(2)) = d(¢a(z), dp(2)) < v.

Since {(s — ¢,s + ¢)|s € [—7,7|} is an open cover of [—7, 7] and
[-7,7] is compact, there exist finitely many si,s2, -, 8y, in [—7,7]
such that [—7,7] C U",(s; —¢,si +¢). Let n € N. We assert that
{¢s:(x)|i = 1,2,--- ,m} (n,v)-spans ¢|_. () with respect to ¢;. For
any s € [—, 7], there is ¢ such that s € (s; — ¢, s; + ¢). For 0 < k < n,
since |kt+s—(kt4s;)| = |s—s;| < ¢, we obtain d(¢f (¢s(x)), oF (¢s, (1)) =
d(¢kt+s(m)7¢kt+8i (:L')) <. Thus7 {QZ)& (x)’Z = 1727 e vm} (n,v)-spans
@[, (z) with respect to ¢¢. Therefore, v,,(¢|_r7)(2),v,¢) < m for all
n € N. Then 74, (¢|—r-(7),v) = 0. We conclude that h(¢s, ['y(x, ¢1)) <
h(¢t, d—r (7)) = 0. Thus ¢ is h-expansive. O

We shall now discuss topological entropy of an expansive flow ¢ on
a TVS-cone metric space. Let ¢t > 0 and u > 0. For E, F C X we say
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that E (t,u)-spans F' with respect to ¢ if for each x € F thereisy € E
such that d(¢s(x), ¢s(y)) < u forall 0 <s <t.

Let v4(F,u, ¢) denote the minimum cardinality of a set which (¢, u)-
spans F' with respect to ¢. We claim that if F' is compact, then v (F,u, ¢) <
oo. There exists v < %u Let z € F. By the integral continuity the-
orem, there exists a neighborhood U, of x such that if y € U,, then
d(¢s(x), ¢s(y)) < uforall 0 < s <t. Since {Ugy|z € F} is an open cover
of F' and F' is compact, there exists finitely many z1,z2,--- ,z, € F
such that F' C U} U,,. For any x € F, there is 7 such that x € U,,.
Then

d(ps(x), ps(x;)) < u forall 0 < s <t

Thus {x1,x2, - ,x,} (t,u)-spans F with respet to ¢ and so ry(F,u, ¢) <
n. We define 75 (F,u) = limsup 1 logr¢(F, u, ¢).

Let FF C X. We say that E C F'is a (¢, u)-separated subset of F' with
respect to ¢ if for any x,y € E with x # y we have d(¢s(x), ¢s(y)) > u
for some 0 < s < t. Let S;(F,u,¢) denote the maximum cardinality
of a set which is a (¢, u)-separated subset of F. We claim that if F' is
compact, then S;(F,u,p) < co. There exists v < %u For any = € X,
by integral continuity theorem, there exists a neighborhood U, of x such
that if u € U, then d(¢s(z), ¢s(y)) < v for all 0 < s < t. Since{U|x €
F'} is an open cover of F' and F' is compact, there exist finitely many
x1,T2,- -+, %y € Fsuchthat F C |J;_, Uy,. If E C F with CardE > n+
1, then there exist x,y € E and i such that z,y € U,. Then we obtain
d(ps(x), ds(y)) < d(@s(x), ds(xi)) + d(ds(xi), ds(y)) < 2v < u for all
0 < s <t. Thus E is not (¢, u)-separated set. Therefore, S;(F,u, ) < n.
We define Sy(F,u) = limsup % log S¢(F,u) and topological entropy by
h(¢, F') = sup Sy(F,u) = sup7,(F,u). These limits exist and are equal
by following proposition.

PROPOSITION 4.2. (1) v(F,u,¢) < S¢(F,u,¢) < y(F,v,¢), where
1
v <L U
(2) If u < v, then we have 74(F,v) < F4(F,u) and Sy(F,v) <
So(F,u).

Proof. (1) Let E be a maximal (¢, u)-separated subset of F. For any
x € F—FE, since EU{x} is not a (t, u)-separated subset of F', there exists
y € E such that d(¢s(x), ¢s(y)) < u for all 0 < s < t. Thus E (¢, u)-
spans F. Hence vy(F,u,¢) < Si(F,u,$). Let E1 be a (t,u)-separated
subset of F' and let Es(t,v)-spans F. For any x € Ey C F, there
exists f(z) € Es such that d(¢s(x),ds(f(x))) < v for all 0 < s < t.

If f(z) = f(y), then we have d(¢s(x), ¢s(y)) < d(¢s(x), ¢s(f(2))) +
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d(ps(f(x)), ¢s(y)) < u for all 0 < s < ¢. Since Ej is (¢, u)-separated,
we have z = y and so f is injective. Thus, we conclude that CardE; <
CardE,. Therefore, Sy(F,u,d) < v(F,v, ).

(2) The proof is trivial. O

For ¢ > 0, let v(¢) denote the number of closed orbits of ¢ with a
period 7 € [0,¢] and v.(t) be the number of closed orbits of ¢ with a
period 7 € [t — ¢, t + .

THEOREM 4.3. Let ¢ be an expansive flow on a compact TVS—cone
metric space X . Then the topological entropy h(¢) satisfies lim sup ¢ Llogw(t) <

h(¢) = h(¢, X).

Proof. Let € > 0. By Theorem 2.5 (4), there exist u > 0 and 7 > 0
such that if (¢;), (u;) are bi-sequences with tg = up =0, 0 < t;41 — t; <
27, |ujy1 —ui| <27 for alli € Z, t; — oo and t_; — —o0 as i — oo and
if d(¢¢,(x), Pu,(y)) < w for all i € Z, then y = ¢5(x) for some |s| < e.
Let 2,y € X be distinct periodic points with periods a,b € [t — 5, 4 ]

respectively. Let m = [é]—kl and put tpmtq = Pa+qT, Upm+q = Pb+qT
for (p,q) € Zx{0,1,--- ,m—1}. Then tg = up =0, tpmigr1 — tpmiq =
Upm+g+1 — Upm+q = T for (p,q) € Z x {0,1,2,--- ,m — 2} and 0 <
tpr1)m — tpmtm—1 < 27, 0 < Upyi1ym — Upmtm—1 < 27, & — 00 and
t_; — —o0 as i — oo. Suppose that z,y are not (¢, u)-separated. Then
d(¢s(z), ¢s(y)) < u for all 0 < s < t. Since d(¢t,,,,,(T), Pupmsy (V) =
A(bgr(Ppa()); Par(Ppp(y))) = d(Dgr(x), Pgr(y)) and 0 < gr < (m—1)7 <
t, we have d(¢y,(x), du;(y)) < u for all i € Z. Thus y = ¢s(x) for
some |s| < e and so we have a contradiction. Hence = and y are (¢, u)-
separated. Hence vz (t) < 7¢(¢,u). Let {1 <ta. If E'is ({1, u)-separated,
then E' is (t2,u)-separated. Therefore, v, (¢, u) < v, (0, u), i.e., y(d, u)
increases with ¢. On the other hand, let ¢ = m7 + s where m = [1],
0 < s < 7. From [£] = m, it follows that m < £ < m + 1. We consider
two cases.

Case 1. s < . By (0,t] C [0,7]U U, [nT — §,n7 + T], we get
o(t) < 03 (5)+ T vz (n7) < (m+ Dl 0) < (£ + 230 0,

<

+ 17

Case 2 < 1. From (0,t] C [0,7] U U, [nT nT +

MH

U [mT, (m 1, Weobtalnv()<vr(7)—|—2 1v7(n7)+v3’((m+

3

7)< (m+2)m(du) < (£ + 2)%(% u). Hence 7 logu(t) < log(}

2) + 1 log (¢, u). Since limy o 1 log(L +2) = 0, hmsup;logv( ) <
limsup%log'yt(qﬁ, u) = h(¢,u) < h(¢). This completes the proof. O
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